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A NEW RESULT ON THE POMPEIU PROBLEM

R. DALMASSO

ABSTRACT. A nonempty bounded open set Q@ C R™ (n > 2) is said to have
the Pompeiu property if and only if the only continuous function f on R™
for which the integral of f over o(2) is zero for all rigid motions o of R™
is f = 0. We consider a nonempty bounded open set @ C R™ (n > 2) with
Lipschitz boundary and we assume that the complement of €2 is connected. We
show that the failure of the Pompeiu property for €2 implies some geometric
conditions. Using these conditions we prove that a special kind of solid tori
in R™, n > 3, has the Pompeiu property. So far the result was proved only
for solid tori in R*. We also examine the case of planar domains. Finally we
extend the example of solid tori to domains in R™ bounded by hypersurfaces
of revolution.

1. INTRODUCTION AND MAIN RESULT

Let & C R™ (n > 2) be a nonempty bounded open set. We denote by M (n)
the group of orientation preserving rigid motions of R™: M (n) is generated by all
translations and by the rotations in SO(n). € induces a transformation Tq, between
the spaces of continuous functions on R™ and M (n):

Tq : C(R™) — C(M(n)),

Taf(o) = f(x)dx, o€ M(n).
a(Q)
We say that 2 has the Pompeiu property if Tq is injective. A ball of any radius R > 0
fails to have the Pompeiu property. When n = 2 we may take f(x1,22) = sin(az1)
for any a > 0 satisfying J,,/o(aR) = 0, where .J\ denotes the Bessel function of
order A. The result extends to n > 2: see e.g. Williams [13|. The Pompeiu problem
asks: which sets €2 have the Pompeiu property?

Now we assume that €2 is a nonempty bounded open set with Lipschitz boundary
09, and that the complement of Q is connected. When Q is rotationally symmetric
this implies that Q = B(a, R), the closed ball of center a and radius R for some
a € R" 0 < R < oo. There is another formulation of the Pompeiu problem. €2 fails
to have the Pompeiu property if and only if the following boundary value problem

(1.1) Au+Adu+1=0 in Q,
Oou
(1.2) ufafO on 01,
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where v is the exterior normal to 9€2, has a solution (see Williams [I3] and Beren-
stein [I] when 99 € C%*¢). From Green’s formula we deduce that A > 0. The
Schiffer’s conjecture (cf. Yau [I5, problem 80]) asserts that the existence of a so-
lution to the above overdetermined eigenvalue problem implies that  is a ball.
Williams in [14] proved that the existence of a solution to (1.1), (1.2) implies that
01 is real analytic.

References and information about various aspects of the Pompeiu problem can
be found in the surveys by Zalcman [16], [17]. Let us mention also the remark-
able results obtained by Garofalo and Segala [8]-[10] and Ebenfelt [4]-[6] in the
2-dimensional case.

Very little is known about the Pompeiu problem in R™ for n > 3. It is proved
in [13] that proper ellipsoids have the Pompeiu property (see [3] when n = 2 and
also Johnsson [I1] when n > 2). Finally Berenstein and Khavinson [2] proved that
certain tori in R* have the Pompeiu property. Even for very simple sets such as
ellipsoids, the proofs mentioned above follow from deep and difficult results. Only
the case considered in [2] is treated using elementary arguments.

Our purpose here is to give a simple result from which we can deduce using
elementary calculations that ellipsoids and certain solid tori in R™ have the Pompeiu
property. We also show that our necessary conditions below easily provide examples
of domains in R™ (n > 2) having the Pompeiu property.

Theorem 1. Let @ C R", n > 2, be a nonempty bounded open set such that
o0 € C%. Assume that problem (1.1), (1.2) has a solution u € C*(Q). Then, for
any y € R™, we have

(1.3) /89 VJQ(J?)( —y)v(z)ds = /{m vi(z)(z —y).v(x)ds, jke{l,--- ,n},

and

(1.4 | wem@e - po@ds =0tk
19)

where v = (v1,- -+ ,Vy) is the exterior normal to 0N).

In Section 2 we prove Theorem 1. We show that ellipsoids have the Pompeiu
property in Section 3. In Section 4 we prove that certain tori in R™ have the
Pompeiu property. In Section 5 we consider the case of planar domains. We give
an example of nonconvex planar domain having the Pompeiu property. Then we
examine the necessary conditions (1.3), (1.4) in the particular case of convex planar
domains. Finally in Section 6 we extend the example of Section 4 to domains in
R™ bounded by hypersurfaces of revolution.

2. PROOF OF THEOREM 1

Let u € C2(2) be a solution of the overdetermined problem (1.1), (1.2).
The first lemma below is a particular case of a result obtained by Pucci and
Serrin ([12], (4), p. 683). However we provide a proof.

Lemma 1. Let h = (hy,--- ,hy) : Q@ — R"™ be of class C'. Then we have

1 9 u? . "\ Oh; du Ou B
/Q{(§|Vu| —/\E—u)dlvh - Z o axia—xj}da: =0.

i,j=1
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Proof. If we multiply equation (1.1) by

Z ]8%

and integrate by parts using (1.2), we obtain

ou 02 U 8hj ou Ou ou  0%u
Z/ ]833 83: Z/ 8x18x18—33j+hj8_a:i8mi8xj}dx

2,7=1

2
= —Z/(Auﬂ)hj%dx = /()\u—+u)divhdx.
j=1 Q 81‘] Q 2

But we have

’LL _ u _ 5 1.
Z/ J@xl 5‘;5 3:5] - Z/ jaxl 3%3 /Q|VU| div h dx

4,5=1
= — —/ |Vu|? div hdz,
2 Ja
and the lemma follows.

Lemma 2. We have

ou 2 ou |2 o
(2.1) /9(8331) dm/ﬂ(a—xj) dr, foriyje{l,--- n}
and
ou Ou .,
(2.2) rs 8x] dr =0, fori#j.

Proof. (2.1) is obtained by using Lemma 1 with h = (hy,- -, hy,) such that
hj(z) =z;, hi(z)=—x; and hi(z)=0 fork#i,j.
For (2.2) we take
hj(z) =x; and hi(z)=0 fork#j.

Now let I = (I1,- - ,l,) € R™ be a unit vector. Define
Ju " Ou
_ - el
l Z T 0x
7j=1
Then w is a solution of the following boundary value problem
Aw+Adw=0 inQ, w=0 ondf.
ow
Lemma 3. We have: Ehe —l.v on 0N).
v
Proof. Since u = 0u/dv =0 on 0f), we can write
Pu  0%u
Ox;0z;  Ov?

——viv; ondQ for i,j€{l,--- ,n}.



2726 R. DALMASSO
Then on 9 we have
ow - ow
v 7;::11/].8:5 Z il k@xj(‘)mk
- 82u 9%u
2
= Z v; lkl/k)(‘)ﬂ (lv)=— 57 = = (lv)Au = —lv.

k=1

Now the Pohozaev identity gives

(2.3) )\/QwQ dx —%/{99(2—2})2(x—y).y(x) ds,

for any fixed y € R™. Using Lemma 2 we get
- ou Ou - ou 2 ou | 2
w? dx = Il ———dx = 12»/ — dx:/ dx
Jyomae= 30 b | g o= 328 [ (e = [ (5)
for 1 < i < n. Therefore using (2.3) and Lemma 3 we can write for 1 < i < n:
1
)\/ )’ 5/89(1.V(a:))2(x—y).1/(x) ds
—le/ 1/2 ()(x —y).v(z)ds
Jj=1
+ Z l; lk/ vi(@)ve(z)(z —y).v(z)ds.

1<j<k<n

Since [ € R™ is an arbitrary unit vector the theorem follows.

3. ELLIPSoIDS IN R™ (n > 2)

Theorem 2. Leta; >0, j =1,---,n, and assume that a; # ax for some j # k.
Then the ellipsoid

Q= {zeR" z":

Q[\:|k>m

has the Pompeiu property.
Proof. Using Theorem 1 it is enough to show that (1.3) does not hold for some
y € R*. Let a, = min{a;; j = 1,--- ,n} and a5 = max{a;; j = 1,--- ,n}. Our
assumption implies that r # s. When n = 2, (r,s) = (1,2) or (r,s) = (2,1). If
n > 3, using a rotation we can assume that (r,s) = (1,2) or (r,s) = (2,1).
We denote by p = (u1, -+, ftn) the exterior normal to dB(0, R). Using polar

coordinates we can write

1 = cos by cosbsy---cosby_ocosb, 1

fo = cosf cosfy---cosb,_osinb, 1

i3 = cos b cosfy---cosb,_ssinf, o

fn—1 = cos B sin by

Wy = Sinfq
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where =% <0y, 0,2 < % (if n > 3) and —7 < 0,y < w. We can parametrize
0f) by

T1 = air, - ,Tp = Anin ,
with —g <O, ,0h_0 < % (if n > 3) and —7 < 0,1 < w. Then the exterior
normal to 0 is given by v = (v1,- -+, vp):

al"'ajflajJrl"'a’nﬂ'j
2 2,2 2 2 2)1/2°
(a3---adpi+---+ai---ap_pd)/

v; =
for j=1,---  n. Suppose that a; < as. Let

I :/ V?(m)(l‘l/(ﬁ:)) ds, j=1,---,n.
aQ
We have
ds = (a2p2 + a212)Y2d0, if n =2,
ds =cos" 260, -cosb,_s

X (a2--a2p2+ - 4a2--a p2)V2d0, - --db,_, ifn>3.

Then
T cos? 6
I = aas 5 3
_x a5cos? 6 + af sin” 0
T sin? @
Iy = ajaz 2 o2 2 gin?
_r a3cos? 6+ afsin” 6
if n=2and

dan— 1

—T

« / " s / "2 gy OS2 B cos By}

I 3 3 ... .3
Iy =ai---aj ya5a5,, - a,

1732 2,2 2 2 2
—7/2 —7/2 ag Ay + -+ ay-c-an Uy

for j=1,--- ;nif n > 3. We shall prove that Iy > I,. When n = 2, we have

a? < aicos?f +alsin®0 < aZ, forfe (—m )\ {O,ig}.

Now assume that n > 3. For 6,1 € (—7,0)U (0,7) and =% < 61,--- 6,2 < &
we have
2 2.2, 22 2 2
ay - Gppy +ajaz - - a;
= ag . 'ai cos? 0y - - - cos? On,g(ag cos? 0,1 + a% sin? 0rn-1)
< a3 --a’cos?fy---cos’ 0, 2.

Repeating this argument we obtain

2 2,2 2 2 2 2 2
Ay Qppy oAy an_qp, < aycc-dg,

for 0,—1 € (—m,0) U (0,7) and —% < 6y,--- ,0,_2 < Z. In the same way we have

2 2 2 2 2 2 2 2 2
ay - Qppy o ayc e an_qfy, > 61030 ay

?
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for 0,1 € [-m,,m)\{£%} and =% <61, -+ ,0,_2 < T. Then we obtain
I > aiaom > 1y ifn= 2,

and
w/2 /2
I > a1~~an2”*27r/ cos”9d9~~/ cos>0df > I,
0 0

if n > 3. The case a; > ag can be treated using analogous arguments. The proof
of the theorem is complete.

Remark 1. Notice that (1.4) always hold for ellipsoids.

4. SOLID TORI IN R"

We counsider a special kind of tori in R”, n > 3. Let a > R > 0 and let D(a, R)
denote the disk of center (a,0,--- ,0) and radius R in the plane zo = -+ = 2,1 =0
of R™. By rotating this disk about the x,-axis in R™ we obtain a torus 2 of equation

(4.1) (Va4 +a | —a)+22 < R?.

Theorem 3. Let a > R > 0 and let 2 be the solid torus in R™ defined by (4.1),
then 2 has the Pompeiu property.
Proof. We can parametrize OS2 by

x1 =(a+ Rcosb,_1)cosby - cosb,_3cosb, o

2 =(a+ Rcosbp_1)cosby - cosbp,_5sinb, o

Zp—2 =(a+ Rcosb,_1)cosbsinby
Zp—1 =(a+ Rcosf,_1)sinb
T, =Rsinf,_1

where —% <0y, ,0, 3< % (if n > 4) and —7 < 0,,_9,60,_1 < w. Then the

exterior normal to 92 is given by v = (v1, -+, Vp):
V1 = cosb,_1cosbicosly---cosb,_3co86,_o

Vg = cosb,_1cosbicosly---cosb,,_3sinb,_o

Vp—o = €080, _1 cos b sin O,
Vp—1 = c0s0,_1sinb;
Vyp = sinf,_1

It is enough to show that (1.3) does not hold for some y € R™. Set

P = v2(x)(zv(x))ds ) =1,---,n.
L= [ @es)ds =1

We have
ds = R(a + Rcosf2)db1dfy if n =3,

ds = R(a + Rcos 1) 2cos™ 301 ---cosb,_3dby ---db,_1 ifn >4,
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and
zv(x) = (R+acosb,_1) on .
Define

/2 /2
Li=Ly=1, Lm:/ cosm_19d0~-~/ cosfdf form > 3.
0 0

Lemma 4. L,, = Ly—o form > 3.

T
2(m —1)
Proof. Ls = 7/4. Now we have

/2 w/2
/ cos™ 1 0do = / (1 —sin?6) cos™ >0 dh
0 0

/2 1 /2
= / cos™ 3 0dh + — / (cos™ 2 0) sin 6 df
0 0

m—
w/2 1 /2
= / cos™ 3 0dh — —— / cos™ 1 0de,
0 m—2Jo
from which we get
w/2 _9 w/2
/ cos™lgdp="""< / cos™ 3 6d6.
0 m—1Jg

Then, for m > 4, we can write

L /2 /2
— = / cos™ ! 9d9/ cos™20do
0 0

Lm72
_9 /2 /2
_m-= / cos™ 26 d9/ cos™ 3 0do
0 0

m—1
_m—ZLm_l

_m—le,g’

and the lemma follows easily.
Now we have
I = 27rR/ (a+ RcosB)(R + acos ) cos? 0 df
0
if n =3, and
T ™ /2 w/2
L= [ db, 1| db, o / dfn_3--- / df1[R(a+ Rcosf,_1)" 2

-7 —m —m/2 —m/2

X (R4 acosf,_1) c0s% 0,1 cos™ 16y - - cos? 0,—2]

™ w/2
= 2"_1R/ (a4 Rcos6)" (R 4+ acosf) cos? 0 df / cos" 10 df
0 0

/2 T
. / cos® 9d9/ cos®0do,
0 0

if n > 4. Therefore we can write

L = Z”R(/ (a4 Rcos6)" " 2(R 4+ acos®)cos® 0df)L,, .
0
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In the same way we obtain
I, = 2”_17TR(/7T(a + Rcos)" " 2(R+ acosf)sin?0dh)L, .
Using Lemma 4 we cano write

IL,— I =2”RLn/ (a+ Rcos)" (R + acosd)((n — 1)sin? @ — cos® ) db
0

|
-

n

Cj/ ((n —1)sin® 6 — cos? 0) cos’ 6 df,
0

(=)

Jj=
with ¢; >0 for j =0,--- ,n —1. We have

/ cos’ §df =0, for j odd,
0

and
™ . 1 ™ . 1 ™ .

/ cos? fsin?0df = — —— (costr1 ) sinfdf) = —— / cos?20dp .

0 J+1Jo J+1Jo
We deduce that

n—1 i .
4.1 I,—1I = (—— —1 22946 .
<2j<n-1
If n =2p (p > 2) is even (4.1) implies that I, > I;. If n = 2p+ 1 is odd we have
2, 2
In—h:galzﬂ >0

when p = 1, and

n—1 i .

I, -1, = § (—— —1 2t2 0 dp

n—I1 i 623(2j+1 )/0 cos
<2j<n—5

1 4 1 4
+ Cn_3 / cos" 1 0do — —c,_1 / cos"t1 04 ,

n—2 0 n 0
for p > 2. Since

/ cos" 1 0do = / cos" 10 de,

0 n -+ 1 0
and
-2 -3
Cno3 = a2"L,R"3((n —2)R* + WGQ) . Cpo1=a2"L,R" 1,

we still have I,, > I;. The proof of the theorem is complete.

Remark 2. Notice that (1.4) is satisfied for these tori. Moreover Iy = -+ = I,,_1.

5. PLANAR DOMAINS

In this section we consider the case of planar domains. We give an example
of nonconvex planar domain having the Pompeiu property. Then we examine the
necessary conditions (1.3), (1.4) in the particular case of convex planar domains.

In the 2-dimensional case the necessary conditions (1.3), (1.4) are equivalent to

(5.1) /dQ(Vl(a:) +ivg(x))*(z —y)v(z)ds =0 VyeR™.
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5.1. Nonconvex planar domains. Consider the curve whose equation in polar
coordinates is given by

p(0) =acosf+b, b>a>0, 6¢€l0,2m).

This curve is real analytic. When 2a < b the curve bounds a convex domain €2, but
when a < b < 2a 2 is not convex. We have

~ p'sinf + pcosd
- (p2+p’2)1/2 )

_ psinf — p’cosf

v (0) va(0) = (P2 + p'2)1/2

and
ds = (p* + p*)'/2dp.

Using the residue formula we obtain
. 2 o 2P =0 0 ma® 5 o
/89(1/1(@ +ive(x))*(z.v(x)) ds :/0 P m@ do = —2—b5(a —b°)°.
Therefore (5.1) is not satisfied and we conclude that Q has the Pompeiu property.
We refer the reader to [8] for more comments on this example.

5.2. Convex planar domains. In this subsection we examine the necessary
conditions (1.3), (1.4) in the case of planar convex domains.

Let Q C R? be a bounded convex open set with the origin as an interior point. We
assume that 9 is a C? curve with positive curvature. Let x = z(s) = (21(s), 72(s))
be a parametrization of 9Q by arc length. For each angle 6, 0 < 6 < 27, let h(0)
denote the distance from the origin to the supporting line of {2 with outward normal
v = (cosf,sind). We have

h(0) =z,

and h has period 27. From the Serret-Frenet formulas we can derive the following
second order ordinary differential equation involving the support function h and
the radius of curvature p:

h(0) + 1" (8) = p(6).

When 0 ¢ €2, the support function is defined in the following way. By translation
there exists a = (a1,a2) € R? such that 0 € Q = a + Q. If h denotes the support
function of 2 we have

h(0) = —ay cos @ — aysin @ + h(h).

We refer the reader to Flanders [7] and the references therein for a detailed
discussion.

Theorem 4. Let Q be a bounded convex open set. We assume that O is a C?
curve with positive curvature. Let h denote the support function of Q. If

27
h(h + h")e* dg # 0,
0

then ) has the Pompeiu property.
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Proof. Let a = (al,gg) € R? be such that 0 € Q = a 4+ Q and denote by h the
support function of . Since

2m
/~ (v1(z) 4+ iva(z)*(z — a).v(z)ds = / (h — a1 cos 0 — as sin0)(h + h")e*? do
o0 0

27
= h(h + h")e?" df # 0,
0

(5.1) is not satisfied for Q, hence Q has the Pompeiu property. Therefore Q has the
Pompeiu property.
Example 1. Let m > 2 be an integer. Define
h(0) =acosmf+~, 0<0<2r,
with v > (m? — 1)|a| and a # 0. h is of class C?, and has period 27 and
h(0) +1"(0) =~ — a(m? —1)cosmh >0, 0<0<2r.

Then h must be the support function of a convex set  which is not a disc (notice
that 0 € ). We easily verify that

2m .
; 0 fm>3
/ h(h+ h")e** dg = S
0 —2rary ifm=2.

Therefore Theorem 4 implies that 2 has the Pompeiu property for m = 2. Now
define

h(0) = acosmf + Bcosf +~v, 0<6<2m,
with 3 # 0. h is the support function of Q = (5, 0) + Q. We have
o 0 if m >4,
/ h(h+ h")e? % do = { —4AxafB if m =3,
0 .
—2ray ifm=2,

Theorem 4 implies that € has the Pompeiu property for m = 2 and 3. Therefore
Q has also the Pompeiu property for m = 3. When m > 4 we cannot conclude.
Notice that

h(0) +h(0+7)=2yv+a(l+(=1)")cosmbf, 0<60<2m.
Then, if m =2p + 1, Q is of constant width and §2 is not a disc.

We complete this subsection with an example which is not contained in the work
of Garofalo and Segala [9].

Example 2. Consider the curve whose equation in polar coordinates is given by
1
p(0) = exp(Acos20), [N < 7 0 € [0,2m).

This curve is real analytic. When |\| < % the curve bounds a convex domain 2.
We have

27 - :
1+ 2¢Asin26
. 2 ) d :/ 2\ cos 260 246 do
/Z)Q(Vl(x) + ive(x))*(z.v(x)) ds ; e T2 sn28®

~ —27\A when A\ —0.
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Therefore there exists Ag > 0 such that, for A € (—Xg, Ao) \ 0, (5.1) is not satisfied
and we conclude that 2 has the Pompeiu property (notice that g is the unit
disk). Clearly Q) does not satisfy the assumptions of Theorem 1.3 in [9] for A €

(=0, 0) \ 0.
6. HYPERSURFACES OF REVOLUTION IN R"™

Let D be a domain in the plane zo = -+ = x,,_1 = 0 of R” (n > 3) bounded by
a regular closed curve
[, 8) 3t — (f(1),9(1)).

We assume that D C { € R"; 29 = -+ = 2,1 = 0 and 27 > 0}. By rotating
D about the z,-axis in R™ we obtain a domain {2 bounded by a hypersurface of
revolution. We can parametrize 02 by

T = f(t) Ccos 91 -+ €08 03 cos 0,2

xo = f(t)cosby - -cosb,_3sinb,_o

Tp—g = f(t) cos Oy sin by
ZTp—1 = f(t)sinb;

@n =g(t)
where _% <01, 0h-3 < % (ifn>4), -7 <09 <mand a <t < (. Then
the exterior normal to 9 is given by v = (v1,- - ,vp):
/
t
vy = (f/g(t) i(g,)Q(t))l/Q COS 91 CcOS 92 ... COS 9n73 coS 0n72
/
t .
Vg = (f/2(t) .j-(g’)Q(t))l/Q cos 0 cosfsy - --cosb,_3sinb,_o
_ g'(t) .
Yne2 =) + g2 () e S
- g'(t) :
VUp—1 = (f/2(t) +gl2(t))1/2 Slnel
!
—J'(t
U = f'(t)

(f72(t) + g2()1/*
We have
ds = f&)(f2(t) + g%(t)Y?d0rdt  if n = 3,

ds = [ 2()(F2 () + g"2 ()% cos™ 30y - - - cos O, _3dby - - - df,_odt ifn >4,
and
f)g'(t) —g(t) ')
(f2(t) + g"(t))1/2
Theorem 5. Let € be as above. Assume that one of the following holds:

o [ L2 a0 g

a f?+49”

zv(z) = on ON.

dt # 0, or
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5f'n72 2 1
N 9= f
(11) aﬁwdt # O, or ,
n—2 ¢/3 1 n—2 /2 £/
(iii)/ L Sy N

Then Q has the Pompeiu property.
Remark 3. Notice that (1.4) is satisfied when y = 0 and that

2 = ... = V2 T)I\xr.V\x S.
/mu1<:c><x.u<x>>ds— /m 2 (@) (@w(x)d

Proof. We keep the notations of Section 4.
(i) Arguing as in the proof of Theorem 3 we arrive at

B rn—2 / / 2 2
_on-1 P29 =g f)((n=1)f" = g")
I, — I =2 Ln/a g dt.

Then (1.3) does not hold for y = 0.
(if) We have

gn—2 B fn—2 12 p1
(6.1) / Vvnds = ——— Ly s %dt, jed{l,---,n—1}.
[5}9] n—1 o f +g

Let y = (1,0,---,0). Then (6.1) and Remark 3 imply that (1.4) does not hold.
(iii) We have
B pn—2 13
3 _ n—2 f f
(62) /BQ vy, ds = —2 7TLn_2/a W dt .

Let y = (0,---,0,1). Then (6.1), (6.2) and Remark 3 imply that (1.3) does not
hold.

Remark 4. Assume that f is even and that g is odd. Then (1.4) holds and

/ R(@)(e — y)wl(a)ds = - = / 2 (@)@ — y)(a) ds
oN oN
for any y € R"™.

We give below a result which extends Theorem 3.

Theorem 6. Assume that

f(t)=a+ Rcost, g(t)=rsint —7n<t<m,
with r, R > 0 and a > R. Then there exists p > R such that Q has the Pompeiu
property for r # p.

Proof. By Theorem 5 and Remark 4 it is enough to show that there exists p > R
such that
() = /’T (a+ Rcos)" 2(R + acosd)((n — 1)R?sin® 6 — r? cos? §)
~Jo R2sin%0 + r2 cos?

dg #0
when r # p. We write

n—1 T -2 2 2 ;
((n —1)R?sin* @ — 72 cos? 0) cos’ 0
I(r) = E d; do
) / /0 R2sin 0 + r2 cos? 6

=0
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with d; > 0 independent of r for j =0,--- ,n — 1. We have

/7r cos’ @ da—/ﬂ cos’ fsin® @ 40— 0
o RZsin?0 +r2cos20  Jo R2sin®6+r2cos2f

for 7 odd. Then

7T — 1) R2sin2 0 — r2 cos? 2k
I(r) = Z d%/o ((n — 1)R?*sin” @ — r? cos? ) cos Gde.

2 i 2 a2
0<hen—1 R?sin“ 0 + r? cos? 0

We easily verify that I'(r) < 0 for 7 > 0. The proof of Theorem 3 shows that
I(R)= (I, — I,)/2"RL,, > 0. Since

lim I(r) = — Z dgk/ cos?0df <0,
0

rT—00
0<2k<n-—1

the theorem follows.

Example 3. Assume that n = 3. Using the residue formula we can show that

ar?Rm? 2arR?m?
Il:I2:(4R+3T)(T—|—7R)2 and I3:(3R+2T)m,
hence p = v2R.
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